In recent years several approaches to quantum gravity have found evidence for a scale dependent spectral dimension of space-time varying from four at large scales to and showing that they remain valid when taking the continuum limit. Here we argue that the spectral dimension can be determined from a model with fewer degrees of freedom obtained from the CDTs by "radial reduction". In the resulting "toy" model we can take the continuum limit analytically and obtain a scale dependent spectral dimension varying from four to two with scale and having functional behaviour exactly of the form which was conjectured on the basis of the numerical results.
INTRODUCTION
The quest to reconcile classical general relativity and quantum mechanics has a long history. One of the main difficulties is the fact that gravity is perturbatively non-renormalizable in four dimensions as was shown by 't Hooft and Veltman in the seventies [1] . However, defining quantum gravity non-perturbatively, there is evidence from different approaches that there might still be a non-trivial ultraviolet fixed-point as suggested by Weinberg [2] .
The causal dynamical triangulation (CDT) approach to quantum gravity (see [3] and [4] for a review) recently gave a surprising answer to what dynamical mechanism might regulate the theory at short distances in such a scenario. In particular, numerical simulations [5] show evidence for the dynamical reduction of the spectral dimension from four at large scales to two at small scales of order of the Planck length (see also [6] for a discussion in a three-dimensional setting). More recently similar results have also been observed in other approaches to quantum gravity, most notably the exact renormalization group approach [7] and Hořava-Lifshitz gravity [8] . This also points towards several possible relations between those approaches [9] .
II. PREVIOUS NUMERICAL INSIGHTS FROM FOUR-DIMENSIONAL CDT
The idea behind the spectral dimension as a scale dependent measure of dimensionality is the following. Consider a diffusion process on a fixed space-time geometry. The diffusion kernel K g is determined by the diffusion equation
where g denotes the space-time metric, y 0 the starting point of the diffusion and y the position of the diffusion process after time σ. We can then define the return probability (density) by choosing starting and end point equal and integrating over all positions
with
If we consider diffusion on quantum space-time we would have to take the ensemble average, formally defined using the gravitational path integral
where
is the partition function and S E (g ab ) the Euclidean Einstein Hilbert action. Formally, the scale dependent spectral dimension is then defined as [5] 
where σ is the diffusion time and corresponds to the scale at which the diffusion process probes the quantum geometry.
The set of four-dimensional rooted causal triangulations T 4 consists of all graphs T of topology I ×Σ 3 made of (4,1) and (3,2)-simplices connecting vertices at distance n to vertices at distance n + 1 from the root, see Figure 1 [10] . T is partly characterised by the number of i-simplices, N i (T ), it contains; as well as two different four-simplices, there are three different types of three-simplices and two different types of triangles and links (i.e. spacelike and time-like). These ten quantities are related by seven topological constraints so only three are independent [10] . In the CDT approach the gravitational partition function is defined as
where C T is a combinatorial symmetry factor and the Euclidean Einstein-Regge action of the triangulation T is
Here λ is the bare cosmological constant and ν is the bare inverse Newton's constant.
To compute the spectral dimension one should evaluate (3) using the partition function 
A possible objection to (7) is that the simulations are inevitably affected by finite size effects and the dimensional reduction observed might simply be an artefact of the discreteness scale. However, assuming that this expression can be extrapolated to continuum physics, the return probability (density) (3) for four-dimensional CDT in the infinite volume limit
[5] would be
where "∼" denotes equality up to multiplicative logarithmic corrections. 
III. RANDOM WALK ON CDT
The strict sliced structure of CDT graphs implies that every step in a random walk either moves in the time-like direction or to a neighbouring vertex in the same spatial hypersurface. We can then consider a projection of the random walk in which it is viewed as one-dimensional (in the time direction) with biases caused by the connectivity between adjacent hypersurfaces and a delay in the diffusion time caused by excursions into the spatial hypersurface. The delays will generally be different for each visit to a given hypersurface but if the number of space-like edges attached to any vertex is bounded by a finite number then the delay time will be finite and the detailed structure of the spatial hypersurfaces cannot affect the spectral dimension -it can only produce a finite rescaling of the time variable. For the 2d CDT, where there are exactly two space-like edges attached to each vertex, this intuition has been turned into a rigorous argument [11] . The spectral dimension of a 2d CDT graph T is bounded above by that of the multigraph M obtained from radial reduction of the full graph which maps all vertices in T at a fixed graph distance n from the root to a single vertex while retaining all time-like edges (see Figure 2 ). Denoting the number of time-like edges connecting vertex n to vertex n + 1 by L n , M is characterised by the sequence M = {L n , n = 0, 1, 2, ...}. The partition function (5) induces a measure µ(ν)
for M which defines the multigraph ensemble.
There are two relevant characteristics which determine the spectral dimension of M; the growth in the number of time-like edges with distance from the root and the behaviour of the electrical resistance of the graph viewed as an electrical network [11] [12] [13] . In the 2d
case the multigraphs have d s = 2, so the CDTs have d s ≤ 2 and it is believed, although not proven, that d s = 2. Here we pursue this intuition and show that it can account for the behaviour of the spectral dimension observed in numerical simulations of 4d CDT in the physical phase where vertices of arbitrarily high degree are not seen [9] . In essence we argue that a reduced, or "toy", model based on an ensemble of multigraphs obtained from radial reduction of the CDTs carries all the information about spectral dimension; it does not of course carry information about everything else as many degrees of freedom have been integrated out.
IV. MULTIGRAPHS AS TOY MODELS FOR CAUSAL QUANTUM GRAVITY
The measure µ(ν) of the multigraph ensemble related to four-dimensional CDT is not known analytically; instead we will show that to determine the spectral dimension it is sufficient to introduce three assumptions concerning the volume and resistance growth in this measure.
Computer simulations in four-dimensional CDT [14] show that for a graph T with maximum distance from the root t the number of 4-simplices is N 4 (t) Z = c t 4 so the average number of time-like edges is bounded by
We will assume that the expectation of the number of time-like edges takes the form
where "≃" denotes equality up to a multiplicative constant and ǫ > 0 can be taken arbitrarily small. (The use of ǫ here is for purely technical reasons and for all practical purposes one can think of it as being zero.) It follows from (10) that there are positive constants c,c such that
which is consistent with (9) . The N 2 sub-leading term is absent in (10) as to survive the continuum limit it would have to couple with √ ν, which in turn would imply its appearance in the Euclidean Einstein-Regge action. Our other assumptions concern the size of the fluctuations in L N . Defining the resistance from a vertex at distance N to infinity to be
, we assume
at large N for almost all graphs of the ensemble. In other words, the above bounds are obeyed by any typical configuration, such as those obtained from self-averaging in the computer simulations. Upward fluctuations in L N are controlled by (13) and downward fluctuations by (12) and ψ(x) and ψ + (x) are functions which diverge and vary slowly at x = 0 and x = ∞.
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This is the known behaviour of the fluctuations in 2d CDT, where ψ(x) ≃ ψ + (x) ≃ | log x| [11] , and consistent with the simulation results in 4d. Note that the finite resistance R(N)
implies that this multigraph ensemble is non-recurrent, i.e. d s ≥ 2.
V. SPECTRAL DIMENSION AND DIMENSIONAL REDUCTION
We now show that the multigraph model whose measure µ(ν) has the properties (10), (12) and (13) has a scale dependent spectral dimension which is two at small scales and four at large scales, as observed in the numerical simulations of 4d CDT. In order to do this we use the formalism developed in [15] to understand scale dependent spectral dimension on graphs. Full technical details, such as mathematically rigorous proofs, may be found in [13] .
Let p M (t) be the probability that a random walker on a fixed multigraph M returns to the root 0 after time t. The spectral dimension is defined through p M (t) via the relation p M (t) ∼ t −ds/2 at large time. More precisely, using the generating function for the return probabilities
we define the spectral dimension using
in the case where the random walk is recurrent (d s < 2) and Q M (x) diverges as x → 0.
If the random walk is non-recurrent, Q M (x) is finite and we define the spectral dimension through the derivative of Q M (x) of lowest degree which is diverging via the relation
. As we will see later for µ(ν) the expectation value of Q M (x) is finite while its first derivative diverges.
Given a fixed multigraph M the probability for a random walker at n to step next to n + 1 is given by p n (M) = L n /(L n−1 + L n ) and the probability that the next step is to n − 1 is 1 − p n (M) (note that the probability to move from the root to vertex one is 1). Then we decompose the random walk into two pieces; a step from vertex n to n + 1, then a random walk returning to n + 1 and a final step from n + 1 to n at time t. This decomposition relates Q Mn (x) and Q M n+1 (x) and the generating function satisfies the following recursion relation
where η Mn (x) ≡ Q Mn (x)/L n and M n is the multigraph obtained from M by removing the first n vertices and all edges attached to them and relabelling the remaining multigraph.
Recall that Q M (x) ≡ Q M 0 (x). Differentiating (17) and iterating we get
8 which is the starting point of our proofs.
On the one hand, (18) can be rearranged using (17) and bounded from below by
Using the Cauchy-Schwartz inequality on the second term and (12)- (13), one obtains that (19) is bounded further by
where N * = ⌈bx Averaging over the ensemble µ(ν), applying Jensen's inequality and using (10)- (11) we get
On the other hand, (18) can be rearranged so that it is bounded from above by
Using the fact that η N (x) is a finite convex decreasing function in x = [0, 1), i.e. |η ′ N (x)| < η N (0)/x and note that the exponentials are bounded by constants for the choice N = N * , one gets
where c, c ′ are positive constants. Noting that η M N (0) = R(N) is the (finite) resistance, taking the expectation value and using the fact that
together with (10)- (13) we finally get
(26)
We obtain the scaling limit by taking the lattice spacing a → 0 and following the prescription of [15] define
with ν = a 1− ǫ 2 /G. Using (21) and (25) we now have that
Eq. (28) implies that d s = 2 in the short walk limit (i.e. ξ → ∞) and d s = 4 − ǫ in the long walk limit (i.e. ξ → 0) for ǫ arbitrarily small (see [15] for the detailed correspondence between walk length and ξ). At this point we should mention that it is a highly non-trivial fact that there exists a non-trivial limit (27). The first example of the existence of such a limit (in the recurrent case) was given in the context of random combs [15] .
We can extract from (26) the average return probability as a function of large walk length.
In particular, from (14) we get
From (26) the left hand side of (29) reads
and L(y) is a slowly varying function at infinity. Using a Tauberian theorem (chapter XIII, [16] ) one gets (setting ǫ to zero in the expressions below to simplify the discussion)
as t → ∞. Scaling t(a) = ⌊σ/a⌋ and ν(a) = a/G as before one obtains the probability density of the continuous diffusion time σ through
This is precisely expression (8) which was conjectured in [5] as the behaviour of the continuum return probability density for diffusion on four-dimensional CDT. It yields the scale dependent continuum spectral dimension
consistent with the numerical results.
VI. DISCUSSION
The multigraph ensemble which describes radially reduced 4d CDT provides some physical insight into the degrees of freedom which determine the spectral dimension in the physical phase. Firstly the fact that the behaviour of the return probability density (8) implied by simulations [5] can be reproduced strongly suggests that the detailed structure of the spatial hypersurfaces is not important; it is the behaviour of the number of time-like edges L n which is crucial. To determine the spectral dimension on the multigraphs it is sufficient to know the volume growth and the resistance behaviour reflected in the assumptions (10), (12) and (13) . These are all motivated from robust results in lower-dimensional studies [11, 13] but it is a non-trivial result of this letter that the continuum limit exists and that one can perform it exactly to obtain the return probability density (32) and show that there is a scale dependent spectral dimension varying from four at large scales to two at small scales.
These results show that the intuition about random walks on sliced graphs described earlier leads to a consistent picture in which the computer observations of a scale dependent spectral dimension can be related to the relatively simple question of the distribution of time-like edges in the CDT providing evidence they could be a real continuum physical phenomenon rather than a consequence of finite size effects. While this study only requires the averages of functions of L n it indicates that further light may be shed on the mechanisms of dynamical dimensional reduction in four-dimensional CDT by investigating the distribution and correlations of the L n in the numerical simulations. Understanding these distributions would help towards an analytical solution of the full four-dimensional model.
